We analyze the problem of the geometrical aperture between the two faces of a crack described as a self-affine surface. We consider the contact of the two surfaces after a relative rigid-body displacement (translation and/or rotation) of one side of the crack with respect to the opposite one. A number of properties are obtained analytically and illustrated by numerical simulations on generated self-affine surfaces. The results concern the scaling of the average aperture, which is shown to include a very slowly varying correction term (logarithmic with respect to the displacement); this affects severely the dependence of the measured aperture on the displacement. These results are used to analyze experimental data obtained on a granite sample and to estimate the roughness exponent from a global measurement.
I. INTRODUCTION
The transport properties of fractured materials is a topic of very broad practical relevance in many domains such as hydrology, civil and petroleum engineering, geothermal processes, and chemical and nuclear waste disposal [1) . In the particular example of geothermics, heat is extracted from fractured hot deep rocks by forcing a Quid circulation between two boreholes. It is thus a fundamental interest to understand the How properties in the cracks and more generally in the fracture network in order to model the heat production. Some of the phenomena occur at the scale of the fracture network and involve the understanding of its connectivity, which may involve a very complex and structured array of cracks (see, e.g. , Refs. [2, 3] ) and of the influence of the distribution of apertures [4] ; however, a good understanding of the structure and transport properties of indiUidua/ fractures [5] is mandatory to model satisfactorily the global system.
A first key parameter is the fracture aperture which determines partly the fracture permeability. For instance, Witherspoon [6] and Brown [7] have studied the relevance of the so-called "cubic law, " which gives the scaling of the hydraulic conductance with the aperture of a crack with a rough boundary. Another important parameter is the roughness of the fracture walls which will strongly inhuence the structure of the Aow field inside the fracture. Solving the Aow field past a rough boundary is a problem which has been addressed recently by Gutfreund and Hansen [8] using a lattice-gas algorithm in two dimensions. These studies reveal the importance of an accurate description of the geometry of the crack so as to determine the hydraulic How properties.
In Refs. [7, 8] , the geometry of the boundaries was considered as being described by self-aKne surfaces or profiles. Such a geometry is well suited for describing crack surfaces. Indeed, a self-affine geometry [9] has been evidenced in many cracks, with various materials, loading models, fracturing conditions, and sample sizes (see, e.g. , Refs. [10 -15] and references therein). Such a statistical description accounts accurately for the size effects in crack roughness; in particular, it leads to predictions at the field scale from laboratory experiments through scaling arguments. Many previous experiments have concentrated on the identification of the self-afBne geometry of fracture surfaces, using local measurements such as surface profilometry or image analysis techniques.
However, very frequently, the two facing sides of a crack in a fractured block of material will be displaced relative to each other. This displacement prevents the two halves of the block from coming again in contact after the fracturing stress is released; the effective aperture is then essentially controlled by the roughness and by the relative displacement.
In the present paper, we analyze how the macroscopic effective aperture of a fracture is related to its microscopic structure and in particular to the relative displacement of the two facing sides of the crack.
In this particular case, determining the aperture reduces to a problem of geometry using the statistical features of self-ai5ne surfaces. The physical implications of the results presented below are numerous. We have already motivated our study by the importance of Aow in open cracks for geophysics. We could have equally well mentioned the problem of the mechanical behavior of a rock joint. In the latter case, the aperture will allow the determination of some crucial parameters for the macroscopic friction, such as the dilation angle (derivative of the aperture with respect to the relative parallel displacement). Size effects that are well documented from experiments and practice are essentially phenomenologically 1063-651X/95/51(3)/1675(11)/$06. 00 51 1675 1995 The American Physical Society described in most cases (see in particular Ref. [16] for a broad review on these problems. ) The existence of longrange correlations in the surface topography and in particular the self-affine nature of the crack geometry may be partly responsible for those size effects. However, in order to base those speculations on a firm ground it is essential to characterize properly the statistical properties of the aperture between two conjugated rough surfaces. This question is the heart of the present study.
We shall first discuss, using scaling arguments, which type of relation is to be expected between the aperture and the lateral displacement of the crack surfaces. We will also discuss the case of rotations. We shall then attempt to verify these predictions through the numerical simulations on computer generated rough surfaces and on laboratory experiments on a fractured granite block. Let us consider a crack that has been subjected to a slip u along the x axis and h along the z axis:
II. SELF-AFFINE FRACTURE SURFACES
z2(x, y) =z&(x +u, y)+h. It will be the subject of Sec. IV to determine the value of h which gives rise to a single contact between the two facing surfaces. In the present section we simply consider h as being a constant and it will not appear in the following discussion. The aperture a"(x,y) is equal to a"(x,y)=z(x+u, y) -z(x,y)+h . (12) g(u)=u~g(1/u) . (13) To obtain the g function we expand Eq. (11) and use expressions (3) - (5):
Using this invariance, y can be determined from a single variable function P( u ) = y( u, 1 ) with y(u, v ) = v~P( u /v ).
The symmetry of y implies behavior u « U or u »u. It is also exact for all values of (u, v) when /=0. 5. Otherwise, the crossover in the vicinity of u = U is not accurately described.
The aperture of the crack is self-aKne at length scales smaller than the slip u; above this scale, the rms aperture difference is no longer dependent on the distance. In order to be more precise, let us now analyze the correlations in the aperture function. Following similar lines, one can compute the covariance of the aperture at two distant points. This covariance is, by definition,
C(a"(x,y), a"(x +v, y)) = y(u, v)
The absolute value in Eq. (14) is similar to the one appearing in Eq. (4) 
; 2C(l) (2g (16) and hence g(u) approaches a constant for large arguments. From expressions (15) and (16), we deduce the following approximate behavior of y valid for v «u or v »u:
This expression describes correctly the asymptotic 
A long but easy computation gives
In the limit v/u »1, a Taylor expansion provides the asymptotic expression
IV. EFFECTIVE APERTURE BETWEEN DISPLACED MATCHING ROUGH SURFACES IN CONTACT
Since in our case g is smaller than one, the latter expression vanishes as v/u tends to infinity. Thus the aperture at two distant points can be considered as uncorrelated when the distance v is much larger than the displacement 
(assuming that the upper surface has been displaced by a distance u along x).
In order to use the results of Sec. III, we partition the surface into squares S; of size u X u so that
In this section we aim at computing the minimum vertical displacement h (u) needed to move the two surfaces by a distance u horizontally while keeping them in contact. At 
where the prefactor comes from the normalization. In fact, we do not need the complete expression of p2, but rather its behavior for large apertures. In order to get some indications on this limit, we first note that a reduced form similar to Eq. (24) this will allow one to determine whether the parallel motion procedure, which is much easier to implement both numerically and experimentally, yields results that are practically relevant.
The problem of rotations about an axis located in the (x,y) plane is very different from the previous case. Indeed, after a rotation of angle co around the y axis, the surface is no longer self-affine in the (x,y, z) coordinate system. For a small angle co, the surface is changed to z(x,y)~z(x, y)+codex. The fact that the surface fiuctuates can, however, hide this effect, but only at small scales. At large length scales, the bias induced by the rotation will become apparent in spite of the roughness. The crossover scale x along the x axis can be written as co x * = &C ( I )(x ' /I )~. Thus ' [19] . We chose a roughness exponent equal to the experimental value (i.e. , /=0. 83). Figure 1 shows a typical surface generated by this method. We imposed a normalization such that the local roughness [i.e., C(l)] is kept constant and thus the overall roughness varies with the system size. Figure 3 over, as the system size increases, almost no change can be detected. This shows that one cannot use directly the aperture scaling in order to access to the self-affine properties of the surface. Figure 5 shows the finite size effect predicted in the previous sections. [h (u)/u~] is plotted versus ln(u /L) for the same set of size L. Equation (28) predicts a linear relation between both quantities, which is seen to be closely followed. Deviations from the linear behavior are confined to displacements of the order of a few times the discretization length, so that for a given ratio u /L, larger profiles approach the straight line shown on Fig. 5 .
VIII. FRACTURED ROCK SAMPLE
AND PROFILOMETRY DATA excellent agreement with the simulations in a similog plot. Numerical noise is smaller than point size. However, the data collapse for various u is not as perfect as could have been expected for artificially generated surfaces. This observation is consistent with a systematic study of size effects and measurement bias of self-affine measurements of Ref. [24] . We also checked numerically that the distribution p2 of maxima h, . over the boxes as defined in Eq. (23) can be fitted to the scaling form similar to Eq. (24) , with $2 having a Gaussian behavior for large and even moderate aperture.
Next, we checked the validity of the finite size effect predicted in Eq. (28) for the aperture h (u) between two complementary surfaces horizontally translated by a distance u: h (u)~u~&1+%'ln(L/u). Figure 4 shows in log-log coordinates the mean aperture (h(u ) ) averaged over 100 samples for different surface sizes L from 128 to 1024. For this computation, the overall roughness [hence We have studied a parallelipedic block of granite with an initial size 25 X25 X 15 cm . Two parallel notches had been drawn in the middle of two opposite faces. The block has been fractured in two parts. The fracture surface is limited by the two notches. The size distribution of the geometrical features of the rough surface is very broad; their smallest dimension is of the order of a few micrometers, while their largest size extends over several centimeters.
We have first performed profilometry measurements along parallel straight segments on the fracture surface. The segment length is about 120 mm and the distance between neighboring profiles is 100 pm. The measurement is performed by lowering a detection tip until it touches the surface, recording the vertical contact position, and moving 5x = 48 pm further horizontally to measure another point. The sensitivity of the technique is 5 pm and its repeatability is of the order of 10 pm. Ten such Figure 10(a) represents the variations obtained when the origin of the vertical displacement scale of the lower block corresponds to the closest contact observed experimentally. We observe, more precisely than in Fig. 9 , that all four curves corresponding to different directions of displacement virtually coincide. We also observe that the linear decrease predicted by Eq. is taken into account. h ( u ) +5z~u~&1 + l. 67 ln(1. /u ), (41) as shown in Fig. 10(b) .
The value 5z=80 pm appears, however, to be large when compared to other observations of the fracture. Conductivity measurements to be reported elsewhere indicate that the remanant aperture at closets contact might be estimated to be 6z=40 pm. One should emphasize that a precise determination of this remanant aperture is extremely difficult because of the magnitude of the displacement involved and the varying sensitivities of different measurements. Moreover, the error bars on the aperture for small displacements u are quite large and thus extrapolating the fit in this region is to be considered with care.
In summary, the experimental results confirm clearly that the structure of the roughness is isotropic, at least up to length scales of the order of one-tenth of the sample size. The power spectrum of profiles varies as well defined power law P(k)~k ' & of the wave vector k, which shows the self-affinity of the surface with a roughness exponent g comparable to reported values of the literature. The dependence of the fracture aperture on the relative horizontal displacement u between the two fractured blocks cannot be accounted for by a simple power law, but is accurately described by the previous theoretical analysis, which includes a slowly varying correction term. never exact. We have already described the procedure followed to fix the origin of the positioning horizontally. Vertically, a perfect contact may be impossible if some irreversible deformation has taken place during the fracture process or if some small fragments are present on the surfaces. If we introduction a vertical offset 5z, which corrects for this effect, and adjusts its value to 5z=80 pm, we observe a linear variation over the whole range of u values as shown in Fig. 10(b) . The best fit drawn on this figure is, taking I. =250 mm, XI. CONCLUSION We have analyzed some properties related to the contact between two self-a%ne surfaces which are related to each other by a rigid body displacement. We have obtained analytical results which are supported by numerical simulations. These results lead to a closed expression for the geometrical aperture of cracks as a function of the relative displacement of the two sides.
The mere use of a scaling invariance thus appears to be a particularly rich and fruitful approach. Physical consequences of the problem studied here can be found in estimating the permeability and conductivity of a crack. This problem, of large importance in geophysical applications, is presently being investigated experimentally and has been considered in an earlier theoretical work [23] .
Other applications can be considered in the field of the mechanical behavior of faults. Friction, wear, and gouge formation are also intimately related to an accurate description of the contact between rough surfaces. The present study shows that the use of a simple geometrical invariance of the crack roughness provides the necessary basis for deriving general but nontrivial results.
